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As is well known, the linear elastic singularity order of crack tip
stress ﬁelds is 1/2 for all the three principal loading modes. In
general terms, crack tip stresses can be determined on the basis
of Eqs. (1) and (2) (see Rice, 1968, and references reported therein),
which give:
szy þ iszx ¼ z1=2hðzÞ þ ikðzÞ; ð1Þ
for mode III loading conditions and
rxx þ ryy ¼ 4Refz1=2f ðzÞ þ gðzÞg;
ryy  rxx þ 2isxy ¼ 4iz1=2Imff ðzÞg  4RefgðzÞg
 4iy @
@z
½z1=2f ðzÞ þ gðzÞ;
ð2Þ
for mode I and mode II loading conditions. Here hðzÞ; kðzÞ; f ðzÞ and
gðzÞ are analytical functions in the vicinity of the crack tip and real
function on the x axis, with x being coincident with the crack
bisector.
In Eqs. (1) and (2) the crack tip stress ﬁelds exhibit inverse
square root singularities, the magnitude of singular terms being
determined by the value of f ðzÞ and of hðzÞ at the origin for in-plane
stresses and out-of-plane stresses, respectively. This magnitude ofll rights reserved.
n).stress ﬁelds is universally linked, after Irwin, to the stress intensity
factor (Irwin, 1957).
The functions hðzÞ; kðzÞ; f ðzÞ and gðzÞ can be given in a polyno-
mial form of the kind
P1
k¼0Akz
k, where coefﬁcients Ak can be deter-
mined by matching prescribed stresses at an appropriate number
of discrete points on the boundary, as done by Gross et al. (1964)
and Gross and Srawley (1965); this procedure is commonly named
‘‘Boundary collocation of stress function’’.
The complex variable formulation according to Eqs. (1) and (2)
leads to crack tip stresses of the kind:
rij ¼
Xþ1
k¼1
akrk=21fijð#Þ; ð3Þ
which is consistent with the series expansion proposed by Williams
for the plane problem of sharp, zero radius, V-notches (Williams,
1957).
Starting from these bases, Larsson and Carlsson (1973) per-
formed a number of ﬁnite element analyses of cracks in various
specimen geometries and found signiﬁcant variations for the plas-
tic zone size at the same value of the stress intensity factor K. They
explained their results by recognizing the inﬂuence on the plastic
region of the ﬁrst nonsingular term given by Eq. (3), that propor-
tional to r0. Beyond the term proportional to r1/2, the constant ten-
sion was called T-stress for plane problems. Succeeding terms,
which are nonsingular, tend naturally to zero as the crack tip is
approached.
954 M. Zappalorto, P. Lazzarin / International Journal of Solids and Structures 48 (2011) 953–961The role played by the T-stress has been documented in a num-
ber of recent studies which showed that not only the stress inten-
sity factor K but also the T-stress is essential for describing the
state of stress and strain near the crack tip (Chen, 2000; Smith
et al., 2001; Fett and Munz, 2003; Christopher et al., 2007; Berto
and Lazzarin, 2010, among others).
A common justiﬁcation of Eq. (3) can be found in the fact that
Williams’ eigen-equation for the crack case assumes the following
simple form:
sin2kp ¼ 0; ð4Þ
which gives an inﬁnite number of solutions of the kind k(k) = k/2,
with k = 1,2,3, . . . .
Several researchers recognize that the higher order singularities
r1, r3/2, r5/2 resulting from the negative roots of Eq. (4) must be
omitted under ideally linear elastic conditions, since the strain en-
ergy and the displacement in the near-tip region have to be
bounded. However, if there exists a nonlinear zone around the
crack tip, the complete solution in an elastically deformed material
outside a circle of radius greater than the nonlinear zone size
should include the higher order singular terms.
This essential fact has been pointed out by Hui and Ruina (1995)
who were able to demonstrate that both nonsingular and high or-
der singular terms are signiﬁcant in the elastic ﬁeld outside a non-
linear zone surrounding the crack tip. The complete Williams’
expansion form (Williams, 1957), including the higher order singu-
lar terms, was thought of as not applicable to the crack tip, but
rather at a convenient distance from it.
This idea was already present in some previous papers by Rice
(1974) and Edmunds and Willis (1976a,b, 1977). However, Hui
and Ruina carried out a deeper analysis of the problem and found
that ‘‘although higher order singular terms exist, they are dominated
by the K ﬁeld in a region that is far from the inner nonlinear zone, if
it is small’’, and that ‘‘the K ﬁeld dominates the nonsingular terms
in a region far (inwards) from the outer boundary; these two regions
are often expected to have some overlap where the K ﬁeld dominates
all other terms’’. These considerations ‘‘justify analytically the domi-
nance of the K term’’ (Hui and Ruina, 1995). Further, by performing
a lengthy manipulation and introducing an annular region around
the crack tip for the antiplane fracture, Hui and Ruina derived an
explicit formulation of the elastic J-integral in terms of the coefﬁ-
cients of both the singular and nonsingular terms. On the other
hand, they ‘‘have not been able to ﬁnd a simple physical-like argu-
ment to replace the unsatisfying physical arguments about ﬁnite dis-
placement and strain energy density’’ (Hui and Ruina, 1995).
Two years later, Chen and Hasebe (1997) extended Hui and
Ruina’s ﬁndings by considering four different cases, namely the
antiplane shear deformation, the plane deformation, the plane
anisotropic deformation with purely imaginary characteristic roots
and, ﬁnally, the interface problem between two dissimilar solids.
Chen and Hasebe not only fully conﬁrmed Hui and Ruina’s results
but also proved that there are two additional contributions to the
elastic J-integral due to the existence of the nonlinear zone around
the crack tip. The former is due to the change in the local stress
intensity factor, the latter is due to the interaction of the higher
order singular terms and the nonsingular terms in the complete
Williams’ expansion forms. Besides, they proved that the nonsin-
gular terms corresponding to the elastic T-terms in all of the four
cases have no direct contribution to the J-integral. This conclusion
was in agreement with a previous ﬁnding due to Rice (1974).
However, while it is true that the elastic T-terms have no direct
effect on the J-integral, the presence of the T-term dramatically
affects the size of the nonlinear zone and so it affects the coefﬁ-
cients tied to the higher order singular terms and, as a result, also
the J-integral value.Similar analyses have also been carried out by Jeon and Im
(2001), who used the two-state conservation law, in conjunction
with ﬁnite element analyses, to obtain the complete Williams
eigenfunction series for elastic–plastic cracks, including the inten-
sities not only for the inverse square root singularity and the
T-stress, but also for the higher order singular and nonsingular
terms. Jeon and Im showed that the J-integral comprises only the
contributions from the mutual interaction between all comple-
mentary pairs of the eigenﬁelds.
On parallel tracks, while proposing a fracture initiation criterion
at three-dimensional bi-material interface corners based on a
three-dimensional Stress Intensity Factor, K3D, Labossiere and
Dunn (2001) pointed out that ‘‘the region where the higher-order
singular terms are signiﬁcant compared to the K3D-term is embedded
within an annulus where material nonlinearities are likely to invali-
date the elastic solution anyway’’.
Worth mentioning is also a recent proposal formulated by
Christopher et al. (2007) who provided a novel mathematical mod-
el of the stresses around the tip of a fatigue crack. The model ac-
counted for the effects of plasticity through an analysis of the
shielding effects on the elastic ﬁeld. The analytical frame was
developed by introducing a new term in the elastic stress ﬁelds,
besides the common square root singularity, and proportional to
r1/2Ln(r/r0), where r is the distance from the crack tip and r0 a
reference value.
Up to now, in the best of the authors’ knowledge, the existence
of high order singular terms was given only in an implicit form, as
made in few exact solutions focused on the nonlinear elastic zone
(Hult and McClintock, 1956; Rice, 1967), or was directly imposed
(Edmunds and Willis, 1976a,b; Hui and Ruina, 1995).
In the present work small scale yielding conditions are consid-
ered and the starting point is represented by some exact, closed-
form solutions, referred to the crack embedded in a nonlinear
material obeying a continuous law (Zappalorto and Lazzarin,
2009, 2010). In particular, the Neuber’s law and the Ramberg–
Osgood law are used hereafter. We will consider the simple
mechanical model of longitudinal shear, as done by Hui and Ruina
(1995), with the aim:
1. to analytically prove the existence of high order elastic singular
terms directly from the series expansion of the complete elas-
tic–plastic solution valid in the close neighbourhood of the elas-
tic zone;
2. to point out that the magnitude of the more singular terms
explicitly depends on the elastic stress intensity factor K and
on the extension of the plastic zone via the plastic radius rp,
being rp ¼ K III s0
ﬃﬃﬃﬃﬃﬃ
2p
p . 2
;
3. to give a physical justiﬁcation to the existence of the high order
singular terms discussing the strain energy density distribution
along the crack bisector line;
4. Finally, to extend the main conclusions to the pointed V-notch
with an opening angle 2a different from zero, after a discussion
about the inﬂuence of 2a on the high order singularities.
2. Analytical proof of the existence of higher order elastic
singularities in elastic–plastic crack stress–strain ﬁelds
Consider a crack loaded by out-of-plane shear (Fig. 1) in an elas-
tic–plastic material. The crack stress and strain ﬁelds will be de-
scribed here by considering two different nonlinear continuous
laws:
– the Neuber special law (Neuber, 1958);
– the Ramberg–Osgood law.
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Fig. 1. Stresses and coordinates at a crack under antiplane shear load T; 3D view (a)
and cross sectional view (b).
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the behaviour of the material is ideally linear elastic according to
the Hooke law. The same restriction was used by Neuber (1961).
2.1. Neuber’s law
Consider the following nonlinear law (Neuber, 1958):
s ¼ s0cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q ; s0 ¼ Gc0; Gc ¼ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ss0
 2r : ð5a—cÞ
This law, as shown in Fig. 2, is characterized by the following
properties:
– for c?1, s tends to the constant value s0;
– for c? 0, the material behaves in a linear elastic manner, with
s = Gc, and so it respects the restriction above formulated.
With reference to the Cartesian coordinate system shown in
Fig. 1, the following closed form solution was obtained in
Zappalorto and Lazzarin (2009) for a crack in a material obeying
to the nonlinear law given by Eq. (5):
x ¼ C1
c0
c0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c2
cos 2 uþ Ln
c0 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c
0
@
1
A
8<
:
9=
;;
y ¼ C1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c2
sin 2u;
ð6a;bÞ
where C1 is a constant to be determined and u is the angle in the
hodograph plane such that czx ¼ c sin u and czy ¼ c cos u (Hult0
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Fig. 2. Stress–strain curveand McClintock, 1956; Rice, 1967; Zappalorto and Lazzarin, 2010).
Eqs. (6) were obtained by using a Legendre transformation, in order
to write Cartesian coordinates ðx; yÞ as a function of strain compo-
nents czx and czy. In this way indeed, the nonlinear governing equa-
tions of the mode III problem were converted into a linear
differential equation, which was solved in closed form, providing
the analytical solution for cracks and pointed V-notches.
A simple representation of the mapping of the physical plane
onto the hodograph plane is shown in Fig. 3.
For the sake of simplicity, we will focus our attention on the
notch bisector line u ¼ 0ð Þ, where Eq. (6) simpliﬁes to give:
xju¼0 ¼
C1
c2  c0
 c0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
þ c2Ln
c0 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c
0
@
1
A
8<
:
9=
;: ð7Þ
Eq. (7) links the Cartesian coordinate x to the value of the local
shear strain c (inverse solution). High values of c individuates
the plastic zone in the close neighbourhood of the crack tip, while
low values of c characterize the elastic zone surrounding the plas-
tic zone.
By hypothesis Eqs. (6) and (7) are limited to small scale yielding
conditions, because they represent only the ﬁrst term of an inﬁnite
series.
As soon as the elastic zone is approached, c tends to zero and
the term
c2Ln
c0 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c
0
@
1
A; ð8Þ
becomes negligible. As a result, Eq. (7) can be further simpliﬁed to
give
xju¼0 ¼ C1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c2
; ð9Þ
or, equivalently
xju¼0 ¼
C1
c2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
¼ C1
c2
 gðcÞ: ð10Þ
Here gðcÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
is a function which is convergent as c tends to
zero and this allows us to apply the results summarized in Appen-
dix A.5 6 7 8
γ/γ0
0Gγ=
∞+
according to Eq. (5).
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Fig. 3. Coordinates in the physical plane (a) and mapping in the transformed plane
(b) (after Hult and McClintock, 1956; Rice, 1967).
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follows:
xju¼0 ¼ C1
c0
c2
þ 1
2c0
 c
2
8c30
þ c
4
16c50
 5c
6
128c70
þ OðcÞ7
 
; ð11Þ
cju¼0 ¼
C1c0
x
 1=2
þ 1
4
ﬃﬃﬃﬃﬃc0p
C1
x
 3=2
þ 1
32c3=20
C1
x
 5=2
 1
128c5=20
C1
x
 7=2
 5
2048c7=20
C1
x
 9=2
þ O 1
x
 5
: ð12Þ
Eq. (12) represents the series expansion of the elastic–plastic strain
distribution within the elastic region. This expression makes it ex-
plicit the existence, besides the common LEFM singularity 1/2,
of higher order singularities of the kind ð1 2jÞ=2, with j = 2,3, . . . .
A further interesting feature should be underlined: the intensity
of all terms present in Eq. (12) are proportional to the constant C1,
which can be directly linked to the linear elastic stress intensity
factor KIII.
Indeed, by focusing the attention only on the ﬁrst term of the
series, the following equation can be written:
cju¼0 ¼
C1c0
x
 1=2
¼ K III
G
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p ; ð13Þ
and then:
C1 ¼ 1c0
K III
G
ﬃﬃﬃﬃﬃﬃ
2p
p
 2
: ð14Þ
This fact simply means that even if higher order singularities do ex-
ist, their intensities are fully controlled by the linear elastic stress
intensity factor KIII.
Inserting Eq. (14) into Eq. (12) and accounting also for the
equality Gc0 = s0, one easily obtains:
cju¼0 ¼
K III
G
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p 1þ 1
4x
K III
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 2
þ 1
32x2
K III
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 4"
 1
128x3
K III
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 6
 5
2048x4
K III
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 8
þ   
#
: ð15Þ
Note that rp ¼ K III s0
ﬃﬃﬃﬃﬃﬃ
2p
p. 2
is the extension of the plastic zone, as
estimated on the basis of a pure linear elastic analyses (see, among
others, Anderson, 2005; Zappalorto and Lazzarin, 2007); then the
actual importance of higher order terms is found to be strictly
dependent on the extension of the plastic zone ahead of the crack.
As a result, we have:c ¼ K III
G
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p 1þ rp
4x
þ 1
32
rp
x
 2
 1
128
rp
x
 3
 5
2048
rp
x
 4
þ   
 
;
ð16Þ
and
s¼Gc¼ K IIIﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p 1þ rp
4x
þ 1
32
rp
x
 2
 1
128
rp
x
 3
 5
2048
rp
x
 4
þ 
 
:
ð17Þ2.2. Ramberg–Osgood law
To avoid any doubt about the dependency or not of the previous
analytical result from the adopted material law, we will prove in
the following the existence of higher order terms also for a mate-
rial obeying a Ramberg–Osgood law. This law can be written in
the following form:
Gc ¼ sþ dsn: ð18Þ
Here G is the elastic shear modulus, n the hardening exponent
(1 < n <1), and d a constant such that to assure d ¼ s1n0 , with s0
being the yield stress.
With reference again to the Cartesian coordinate system shown
in Fig. 1, the general solution at the crack tip can be obtained in the
following integral form (Zappalorto and Lazzarin, 2010):
x ¼ C1 1s  cðsÞ cos
2 u
Z þ1
s
df
f2cðfÞ
 !
; y ¼ C1 sin
u cos u
s  cðsÞ ;
ð19a;bÞ
where C1 is a constant to be determined and u is the angle in
the hodograph plane such that szx ¼ s sin u and szy ¼ s cos u
(Zappalorto and Lazzarin, 2010).
Along the crack line Eq. (19) simpliﬁes and gives:
xðsÞ ¼ C1 1s  cðsÞ 
Z þ1
s
df
f2cðfÞ
 !
: ð20Þ
An integration by parts of the second term allows us to further re-
duce Eq. (20):
xðsÞ ¼ C1
Z þ1
s
c0ðfÞ
fc2ðfÞdf; ð21Þ
where c(s) represents the material law.
Substitution of Eq. (18) into Eq. (21) leads to the following
integral:
xðsÞ ¼ C1
Z þ1
s
1þ ndfn1
fðfþ dfnÞ2
df: ð22Þ
Eq. (22) can be re-written in a more convenient form (Zappalorto
and Lazzarin, 2010):
x ¼ C1 1s  ðsþ dsnÞ 
1
ðnþ 1Þdsnþ1 F
nþ 1
n 1 ;1;
2n
n 1 ;
1
dsn1
  
;
ð23Þ
where F is a hypergeometric function (Abramowitz and Stegun,
1972).
The asymptotic behaviour of x in the elastic zone (as s tends to
zero) is 1/s2, so that Eq. (23) becomes:
xju¼0 ¼
C1
s2
 gðsÞ; ð24Þ
where
gðsÞ ¼ 1
1þ dsn1 
1
ðnþ 1Þdsn1 F
nþ 1
n 1 ;1;
2n
n 1 ;
1
dsn1
 
: ð25Þ
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apply again the results obtained in Appendix A. The ﬁnal expres-
sions for the direct and the inverse series are:
xju¼0 ﬃ C1
X1
n¼0
@kgðsÞ
k!
 !					
s¼0
sk2; ð26Þ
s ¼
Xþ1
k¼1
akx
k
2: ð27Þ
Note that Eq. (27) makes it explicit the existence, besides the com-
mon LEFM singularity 1/2, of higher order singularities.
As an example, we provide hereafter the explicit solution for a
hardening exponent n = 4.
In this case, Eq. (27) turns out to be:
sðxÞ ﬃ
ﬃﬃﬃﬃﬃ
C1
2x
r
þ pd
2=3
3
ﬃﬃﬃ
6
p C1
x
 3=2
 1
2
d
C1
x
 2
þ p
2d4=3
18
ﬃﬃﬃ
2
p C1
x
 5=2
 2pd
5=3
3
ﬃﬃﬃ
3
p C1
x
 3
þ O 1
x
 7=2
: ð28Þ
Considering only the leading order term of the series, the result
should be in agreement with LEFM:
sðxÞ ﬃ
ﬃﬃﬃﬃﬃ
C1
2x
r
¼ K IIIﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p : ð29Þ
Then:
C1 ¼ K IIIﬃﬃﬃpp
 2
: ð30Þ
Eq. (28) becomes:
sðxÞ ﬃ K IIIﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p 1þ pd
2=3
3
ﬃﬃﬃ
6
p K
2
III
px
 !
 1
2
d
K2III
px
 !3=2
þ p
2d4=3
18
ﬃﬃﬃ
2
p K
2
III
px
 !28<
:
2pd
5=3
3
ﬃﬃﬃ
3
p K
2
III
px
 !5=2
þ   
9=
;: ð31Þ
Now, remembering that d ¼ s1n0 ¼ s30 , Eq. (31) gives
sðxÞ ﬃ K IIIﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p 1þ 2p
3
ﬃﬃﬃ
6
p K
2
III
2ps20x
 !

ﬃﬃﬃ
2
p K2III
2ps20x
 !3=28<
:
þ
ﬃﬃﬃ
2
p
p2
9
K2III
2ps20x
 !2
 8
ﬃﬃﬃ
2
p
p
3
ﬃﬃﬃ
3
p K
2
III
2ps20x
 !5=2
þ   
9=
;: ð32Þ
Taking now advantage of the plastic radius expression,
rp ¼ KIIIs0 ﬃﬃﬃﬃ2pp
 2
, the ﬁnal result is
sðxÞ ﬃ K IIIﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p 1þ 2p
3
ﬃﬃﬃ
6
p rp
x
 

ﬃﬃﬃ
2
p rp
x
 3=2
þ
ﬃﬃﬃ
2
p
p2
9
rp
x
 2(
8
ﬃﬃﬃ
2
p
p
3
ﬃﬃﬃ
3
p rp
x
 5=2
þ   
)
: ð33Þ
This conﬁrms that, even in the presence of the Ramberg–Osgood
law, the actual incidence of higher order terms strictly depends
on the extension of the plastic zone ahead of the crack.
3. Some remarks based on the trend of the strain energy density
After the milestones relating to the analysis of nonlinear crack
tip stresses provided by Hutchinson (1968a,b) and Rice and Rosen-
gren (1968), it is generally acknowledged that ‘‘crack problems in all
materials result in a l/r singularity in the product of stress and strain’’
and ‘‘while attempts at a rigorous proof of this assertion have not beensuccessful, its validity in solved cases is noteworthy’’ (Rice and Rosen-
gren, 1968).
The conclusion drawn by Rice and Rosengren will be re-ana-
lysed here, thanks to the complete solution provided by Eq. (7),
which gives the complete elastic plastic and small scale yielding
solution as a function of coordinate x. In the elastic zones, it tends
to:
lim
c!0
xju¼0 ¼ C1c0c2; ð34Þ
or equivalently:
c ¼ C1c0
x
 1
2
: ð35Þ
Conversely, in the plastic zone it tends toward:
lim
c!1
xju¼0 ¼ 2
C1
c
; ð36Þ
or:
c ¼ 2C1
x
: ð37Þ
The strain energy density (SED) can be calculated by means of Eq.
(5), which gives:
W ¼
Z c
0
sdc ¼
Z c
0
s0cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q dc ¼ s0c0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
2
c20
s
 1
 !
: ð38Þ
This solution can be applied in the elastic and the plastic zone to
give:
We ¼ 12Gc
2; Wp ¼ s0c; ð39Þ
respectively. Then, thanks to Eqs. (14), (35) and (37), we have
We ¼ K
2
III
4pG
1
x
; Wp ¼ K
2
III
pG
1
x
: ð40Þ
Eq. (40) conﬁrms Rice and Rosengren’s statement above reported
when the material behaviour is prevalently linear elastic or fully
plastic. However, one should note that, besides the asymptotic
behaviour 1=x, the two expressions are characterised by two dif-
ferent amplitudes, the plastic one being four times greater than
the elastic one. Since ‘‘natura non facit saltus’’, it is expected that
there exists a zone between the linear elastic asymptote and the
plastic one where necessarily the strain energy density is not pro-
portional to 1=x, with a gradual transition being present from one
asymptote to the other one. This trend is shown in Fig. 4, where
the two limit solutions are also compared with the complete
solution.
In the light of this result, the linear elastic high order singular
terms can then be interpreted as the attempt of the linear elastic
solution to follow this energy change, by the addition of further
terms to the dominant one, proportional to x1/2. This conclusion
seems to be conﬁrmed by Fig. 4 where, together with the elastic
and plastic asymptotes and the complete solution, the elastic strain
energy density has been determined also by using the ﬁve-termed
expansion of Eq. (16), which gives:
We ¼ K
2
III
4pG
1
x
1þ rp
4x
þ 1
32
rp
x
 2
 1
128
rp
x
 3
 5
2048
rp
x
 4 2
:
ð41Þ
Fig. 4 also plots the strain energy density corresponding to the
yielding condition (c = c0)
W0 ¼ s0c0
ﬃﬃﬃ
2
p
 1
 
; ð42Þ
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Fig. 4. Strain energy density distributions ahead of the crack line.
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and Lazzarin, 2010):
xp ¼ K III
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 2 ﬃﬃﬃ
2
p
þ Ln 1þ
ﬃﬃﬃ
2
p  
: ð43Þ
It is evident that the inﬂuence of elastic high order terms goes be-
yond the elastic plastic boundary.
4. Mode III loaded pointed V notches
4.1. Linear-elastic stress ﬁelds
Consider an out-of-plane shear loaded re-entrant corner in a
linear elastic material (Fig. 5). The notch tip stresses can be written
in terms of the elastic notch stress intensity factor K3:
szrðr;uÞ
szuðr;uÞ

 
¼ K3r
kð1Þ3 1ﬃﬃﬃﬃﬃﬃ
2p
p sin k
ð1Þ
3 u
cos kð1Þ3 u
( )
; ð44Þ
where
K3 ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
lim
r!0
r1k
ð1Þ
3 szyðr;u ¼ 0Þ; ð45Þ
and kð1Þ3 is the ﬁrst eigenvalue of the linear-elastic V-notch problem,
namely the ﬁrst non negative solution of the following eigen-equa-
tion (Zappalorto et al., 2008, 2009, 2010):
sin½2k3ðp aÞ ¼ 0: ð46Þ
Obviously, when 2a = 0, the crack case is found again.ϕ
y 
x
z 
r 
T 
τzϕ
τzr
ϕ
r
y
x
2α
τzx
τzy
(a) (b) 
Fig. 5. Stresses and coordinates at pointed V-notch under antiplane shear load T;
3D view (a) and cross sectional view (b).Eq. (46) is a sinusoidal equation having an inﬁnite number of
solutions independently of the actual notch opening angle (see
Fig. 6):
kðkÞ3 ¼
kp
2p 2a ; k 2 ð1;þ1Þ: ð47Þ
By following a complete Williams’ type expansion, stress compo-
nents could then be written in the form:
szj ¼
Xþ1
k¼1
akrk
ðkÞ
3
1f ðkÞzj ðuÞ; ð48Þ
so that the predicted high singularity orders would be:
 kp
2ðp aÞ  1; k ¼ 1;2; . . . :4.2. Nonlinear stress ﬁelds
When the material behaves according to Eq. (5), the solution for
x and y in the presence of an arbitrary notch opening angle can be
written in a polynomial form (Zappalorto and Lazzarin, 2010)
keeping in mind the Cartesian coordinate system shown in Fig. 5:
x ¼ 2x1 C1
c
x1
x1  1 ½k  ðh1  h2Þ x1  ðh1 þ h2Þ sin
u sinðx1 uÞf
þ g  ðx1k 1Þ  g1  ðx1kþ 1Þ
 
cos u cosðx1 uÞ

;
y ¼ 2x1 C1
c
x1
x1  1 k  ðh1  h2Þ x1  ðh1 þ h2Þ½  cos
u sinðx1 uÞf
 g  ðx1k 1Þ  g1  ðx1kþ 1Þ
 
sin u cosðx1 uÞ

:
ð49a;bÞ
The auxiliary parameters in Eq. (49) are according to the following
expressions:
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
c0
 2s
; g ¼ kþ 1
k 1
 x1=2
; h1 ¼ 1þ 2k 1
 x1=2
;
h2 ¼ 1 2kþ 1
 x1=2
; ð50Þ
where x1 depends only on the notch opening angle (Lazzarin and
Zappalorto, 2008)
x1 ¼ pp 2a : ð51Þ
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Fig. 6. Plots of the left-hand side of Eq. (46) versus k3 for different notch opening angles.
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x ¼ 2x1 C1
c
x1
x1  1
kþ 1
k 1
 x1=2
 ðx1k 1Þ  ðx1kþ 1Þ
kþ1
k1
 x1=2
" #
: ð52Þ
The asymptotic behaviour in the elastic zone is then (Zappalorto
and Lazzarin, 2009, 2010):
c ¼ x1C1cx10
  1
x1þ1xk
ð1Þ
3
1; ð53Þ
counting on the property x1 ¼ kð1Þ3 1 kð1Þ3
 .
. Then, (52) can be
rewritten as follows:
x ¼ 1
c1 k
ð1Þ
3 1ð Þ=
gðcÞ; ð54Þ
where g(c) is a function convergent for c? 0. It takes the following
form:
gðcÞ ¼ 2x1c
1
k
ð1Þ
3
1 C1
c
x1
x1  1
kþ 1
k 1
 x1=2
ðx1k 1Þ  ðx1kþ 1Þ
kþ1
k1
 x1=2
" #
:
ð55Þ
Taking advantage of the results given in Appendix A, one can ﬁnally
obtain the expression for the strain ﬁeld along the notch bisector:
c ¼
Xþ1
k¼1
akx
k 1kð1Þ
3ð Þ; ð56Þ
where the coefﬁcients ak can be determined in closed form as a
function of g(c) and its derivatives, evaluated for c?0. This analyt-
ically proves the existence of higher order singular terms. However,
Eq. (56) states that high order terms are fully controlled by the ﬁrst
linear elastic eigenvalues, and not by higher order solutions of Eq.
(46).
As an example, we provide hereafter the explicit solution for the
case x1 = 4, which corresponds to a notch opening angle 2a = 135
and kð1Þ3 ¼ 0:8. By doing so, Eq. (56) turns out to be:
cju¼0 ¼
4C1c40
x
 1=5
þ 1
3c20
4C1c40
x
 3=5
þ 1
8c40
4C1c40
x
 
þ 5
54c60
4C1c40
x
 7=5
þ 41
2592c80
4C1c40
x
 9=5
: ð57Þ
Focusing the attention only on the ﬁrst term of the series, the equa-
tion for c becomes:cju¼0 ¼
4C1c40
x
 1=5
¼ K3
G
ﬃﬃﬃﬃﬃﬃ
2p
p
x1=5
; ð58Þ
and then:
C1 ¼ 14c40
K3ﬃﬃﬃﬃﬃﬃ
2p
p
G
 5
: ð59Þ
Substituting Eq. (59) into Eq. (57) and rearranging, and keeping also
in mind the equality Gc0 = s0, one easily obtains:
cju¼0 ¼
K3ﬃﬃﬃﬃﬃﬃ
2p
p
Gx1=5
1þ 1
3
K3ﬃﬃﬃﬃﬃﬃ
2p
p
s0
 2 1
x
 2=5
þ 1
8
K3ﬃﬃﬃﬃﬃﬃ
2p
p
s0
 4 1
x
 4=5"
þ 5
54
K3ﬃﬃﬃﬃﬃﬃ
2p
p
s0
 6 1
x
 6=5
þ 41
2592
K3ﬃﬃﬃﬃﬃﬃ
2p
p
s0
 8 1
x
 8=5
þ   
#
:
ð60Þ
In the case of a mode III loaded sharp (zero radius) V-notch, the
extension of the plastic zone, as estimated on the basis of a pure lin-
ear elastic analysis, is (Lazzarin and Zappalorto, 2008):
rp ¼ K3
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
  1
1kð1Þ
3 ¼ K3
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 5
ð61Þ
with the last substitution being valid for the speciﬁc case, 2a = 135.
Finally, taking advantage of Eq. (61), one obtains the expres-
sions for strains and stresses:
cj u¼0¼
K3ﬃﬃﬃﬃﬃﬃ
2p
p
Gx1=5
1þ1
3
rp
x
 2=5
þ1
8
rp
x
 4=5
þ 5
54
rp
x
 6=5
þ 41
2592
rp
x
 8=5
þ
 
;
ð62Þ
sj u¼0¼Gc¼
K3ﬃﬃﬃﬃﬃﬃ
2p
p
x1=5
1þ1
3
rp
x
 2=5
þ1
8
rp
x
 4=5
þ 5
54
rp
x
 6=5
þ 41
2592
rp
x
 8=5
þ
 
:
ð63Þ
From Eqs. (62) and (63) one can conclude that:
– even in the presence of a notch opening angle different from
zero high order singular terms do exist in the elastic zone;
– also for V-notches, the actual importance of higher orders terms
strictly depends on the extension of the plastic zone;
– The singularity order, for this kind of material, is ð2kþ 1Þ 2ap2p2a
 
,
with k = 1,2,3, . . . and is different from that predictable on the
basis of a Williams’ type sinusoidal eigen-equation (Williams,
1957).
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crack
The analytical framework developed in this work has provided a
proof of the existence of high order singular terms in the elastic
ﬁeld outside of a nonlinear zone. In general, the analytical develop-
ments show that the elastic stress for mode III loaded cracks can be
written, along the bisector, as:
sju¼0 ¼
K IIIﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px
p 1þ
Xþ1
k¼0
bk
rp
x
 1þk=2" #
; ð64Þ
where rp ¼ KIIIs0 ﬃﬃﬃﬃ2pp
 2
and bk depend on the material constitutive law.
Eq. (64) is valid in the linear elastic zone immediately out of a plas-
tic core at the crack tip, and under the restriction of small scale
yielding.
It is ﬁnally useful to remind here that the intensities of the high-
er order terms may stop depending on KIII under two conditions:
– The ﬁrst one occurs whenever the plastic zone size ahead of the
crack tip becomes increasingly large, namely when the small
scale-yielding hypothesis is abandoned. Under this condition
it is no longer possible to describe the linear elastic stress and
strain distributions outside the plastic zone through the leading
order singular term, with high order nonsingular terms becom-
ing more and more signiﬁcant;
– The second condition occurs whenever the crack size is so small
that the zone of K-dominance in a pure linear elastic analysis
would be negligible by itself.
6. Conclusion
In this paper, the analysis of high order elastic singular terms at
cracks and re-entrant corners has been carried out. The main con-
clusions can be drawn as follows:
– high order elastic singular terms are fully included in the elastic
part of complete elastic–plastic stress and strain solutions;
– the intensity of these more singular terms explicitly depends on
the elastic stress intensity factor and on the extension of the
plastic zone, through the plastic radius;
– the existence of these high order singular terms can be justiﬁed,
by a physical point of view, by the change of the strain energy
density distribution along the crack line;
– even in the presence of a notch opening angle different from
zero, high order singular terms do exist in the elastic zone,
and their intensity strictly depends on the extension of the plas-
tic zone ahead of the notch. However in this case, the singularity
order is of the kind ð2kþ 1Þ 2ap2p2a
 
, with k = 1,2,3, . . . and is dif-
ferent from that predictable on the basis of a Williams’ type
sinusoidal eigen-equation.Appendix A. Series reversion
Consider a general function h(f) of the independent variable f
which asymptotically behaves like 1/fs in the neighbourhoods
of f = 0. Under these circumstances h(f) can be rewritten in the
form:
hðfÞ ¼ C1
fs
 gðfÞ; ðA:1Þ
where g(f) is a convergent function for f? 0, namely limf?0g(f) as-
sumes a ﬁnite value.Then h(f) can be approximated in the close neighbourhood of
f = 0 by means of the following power series:
hðfÞﬃ
M
C1
fs
X1
k¼0
@kgðfÞ
k!
 !					
f¼0
fk ¼ C1
X1
k¼0
@kgðfÞ
k!
 !					
f¼0
fks
¼ C1
X1
k¼0
gðkÞð0Þ
k!
fks; ðA:2Þ
where the symbol ‘‘ﬃ
M
’’ denotes a MacLaurin series expansion and
g(k)(0) the k-derivative of g evaluated at f? 0.
Since h(f) is a monotonically decreasing function, the inverse of
function h will surely exist and can be expanded in series. We now
assume for h(f) the following Laurent series:
fðhÞ ¼
X1
k¼1
akh
qk : ðA:3Þ
By adopting a brute force algorithm, one may substitute Eq. (A.3)
into Eq. (A.2) and balance the coefﬁcients on both sides (Arfken
and Weber, 2001; Morse and Feshbach, 1953, ibid. pp. 411–413).
Then Eq. (A.3) can be written in the following general form:
fðhÞ ¼
Xþ1
k¼1
akh
k=s
; ðA:4Þ
where coefﬁcients ak can be linked to terms g(k)(0) and C1 as
follows:
a1 ¼ ðC1gð0ÞÞ1=s;
a2 ¼ g
ð1Þð0ÞðC1gð0ÞÞ2=s
sgð0Þ ;
a3 ¼ ðC1gð0ÞÞ
3=s
2s2g2ð0Þ ð3 sÞ g
ð1Þð0Þ 2 þ sgð0Þgð2Þð0Þh i;
a4 ¼ ðC1gð0ÞÞ
4=s
6s3g3ð0Þ g
ð0Þð0Þ 3ð16 12sþ 2s2Þh
þgð0Þð0Þgð1Þð0Þgð2Þð0Þð12s 3s2Þ þ s2 gð0Þð0Þ 2gð3Þð0Þi;
a5 ¼ ðC1gð0ÞÞ
5=s
24s4g4ð0Þ g
ð1Þð0Þ 4ð125 150sþ 55s2  6s3Þh
þgð0Þ gð1Þð0Þ 2gð2Þð0Þð12s3  90s2 þ 150sÞ
þ gð0Þð0Þ 2 gð2Þð0Þ 2ð15s2  3s3Þ
þgð1Þð0Þgð3Þð0Þ gð0Þð0Þ 2ð20s2  4s3Þ þ s3 gð0Þð0Þ 3gð4Þð0Þi;
a6 ¼ ðC1gð0ÞÞ
6=s
120s5g5ð0Þ g
ð1Þð0Þ 5ð12962160sþ1260s2 300s3 þ24s4Þh
þgð0Þð0Þ gð1Þð0Þ 3gð2Þð0Þð60s4 þ660s3 2160s2 þ 2160sÞ
þ gð0Þð0Þ 2 gð2Þð0Þ 2gð1Þð0Þð30s4 270s3 þ 540s2Þ
þ gð0Þð0Þ 2 gð1Þð0Þ 2gð3Þð0Þð20s4 180s3 þ 360s2Þ
þ gð0Þð0Þ 3gð2Þð0Þgð3Þð0Þð60s3 10s4Þ
þ gð0Þð0Þ 3gð1Þð0Þgð4Þð0Þð30s3 5s4Þ þ s4 gð0Þð0Þ 5gð5Þð0Þi;
ðA:5Þ
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7=s
720 sgð0Þð0Þð Þ6
gð1Þð0Þ 6ð16807 36015sþ 29155s2  11025sh
þ1918s4  120s5Þ þ gð0Þð0Þ gð1Þð0Þ 4gð2Þð0Þð360s5  5250s4
þ25725s3  51450s2 þ 36015sÞ
þ gð0Þð0Þ 2 gð1Þð0Þ 2 gð2Þð0Þ 2ð270s5 þ 3465s4  13230s3
þ15435s2Þ þ gð0Þð0Þ 3 gð2Þð0Þ 3ð735s3  315s4 þ 30s5Þ
þ gð1Þð0Þ 3 gð0Þð0Þ 2gð3Þð0Þð6860s2  5880s3 þ 1540s4  120s5Þ
þ gð0Þð0Þ 3gð1Þð0Þgð2Þð0Þgð3Þð0Þð2940s3  1260s4 þ 120s5Þ
þ gð0Þð0Þ 4 gð2Þð0Þ 2ð70s4  10s5Þ
þ gð0Þð0Þ 3 gð1Þð0Þ 2gð4Þð0Þð735s3  315s4 þ 30s5Þ
þ gð0Þð0Þ 4gð2Þð0Þgð4Þð0Þð105s4  15s5Þ
þ gð0Þð0Þ 4gð1Þð0Þgð5Þð0Þð42s4  6s5Þ þ s5 gð0Þð0Þ 5gð6Þð0Þi;
and so on. The fraction of domain where the series in Eq. (A.4) is
able to correctly approximate the inverse function f(h) depends
on the radius of convergence of the series, which has, in general,
a ﬁnite value.References
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